The object of this paper is to establish certain spectral sequences, analogous to some discovered by Eilenberg and Moore, for the class of Dold fibrations and for a wide class of homology theories.
I. Point set topological background. For ease of exposition we have elected to work in the category of quasi-topological spaces and mappings. For basic definitions and properties of this category the reader is referred to Spanier [11] . For a more complete development and certain results used specifically herein the reader is referred to the forthcoming book by Dyer and Eilenberg [7] .
From the topological viewpoint there is no loss in working in this category as there is a functor from the category of topological spaces to it under which the notion of continuous map with domain a compact Hausdorff space is unchanged. Thus homotopy groups and the other singular algebraic functors are unchanged. Also, this functor imbeds the category of Hausdorff íc-spaces [13] as a full subcategory of the quasi-topological category. Thus if one checks that decomposition spaces obtained by constructions of this paper, when obtained from Hausdorff rc-spaces, yield again such spaces, the theorems and proofs herein restrict, unaltered, to that smaller category.
In this section we give a brief resume of definitions and results in the category Q of quasi-topological spaces and mappings used later. Few proofs are included as they can be found elsewhere [7] . We drop the prefix quasi with the understanding that we consider only the category Q and categories derived from it.
Definition (1.1). A topological monoid is a space 77 together with a continuous product p:HxH^H, hereafter written p(g, h) = gh, and a unit ee H, such that (gh)i = g(hi), for (g, h,i)eHxHxH, and eg = g = ge, for ge H.
For a topological monoid H, a left H-space is a pair (X, a) consisting of a space X and a mapping a: Hx X-> X, hereafter written a(g, x)=gx, such that (gh)x = g(hx), for (g,h)eHxHand xe X, and ex = x, for xe X.
For left //-spaces (X, a) and (X', a'), the mapping f.X^-X' is a map of left H-spaces provided fgx = gfx, for g e H and xe X.
The category HQ has left //-spaces as objects and maps of left //-spaces as morphisms. The category QH is similarly defined for right actions by H.
The category Q has the property that for X an object of Q, B a set and p : X -> B an onto function, there exists a unique quasi-topology on A such that p is a projection in the category Q; i.e., for Y an object of Q and g: A->-Y a function, g is a morphism of Q if and only if gp is a morphism of Q. In this case we say B has the quotient space topology (of the equivalence relation defined by p).
Definition (1.2) . For X and Y objects of QH and HQ, respectively, let ~ be the equivalence relation generated by the relation (xn, y)~(x, hy), and let XxH Y denote the space of equivalence classes so defined with the quotient space topology of ~: Xx Y-+XxHY.
Then xH defines a covariant functor xH:QHxHQ^Q.
The functions ¡x: X-+ XxH and FY: Y^-HxY, defined by ¡x(x) = (x,e) and fy(y) = (e, y), determine homeomorphisms (1.3) lx: X-*XxHH and rY: 7-> HxH Y.
If X and X' are objects of QH, then Xx X' is an object of QH with action (x, x')h = (xh, x'h). Trivial action imbeds Q as a full subcategory of QH. For A, X and Y objects of Q, QH and HQ, respectively, (1.4) (FxX)xHY^Fx(XxHY), where = denotes "is homeomorphic to." For A and X objects of Q and QH, respectively, the space maps of A to X, written (A, X), is given the structure of a right //-space by defining an action a: (A, X)xH^(A, X)
by a(f h)c=(fc)h, forfe (A, X), he H and ce A. Thus, ( , ):Q°pxQH-*QH is a covariant functor. For ce A, r¡c: (A, X) -> X is the evaluation map r¡cf=fc. If X is an object of QH, then 7»c is a ô#_morPhism.
For c e A, r¡c is a natural transformation of (A, ) into the identity functor of QH.
For a space X, the path space PX of X is the subspace of (A+, X) x R+ of all pairs (/, /) such that//=//for /^ /, where A+ denotes the nonnegative real numbers. A":W->PX and ap:W"^R + with 7,0A"(x, (/,/)) = x and pA'(x, (/, /))(/+i) = ft, [November for s=o"(x, (/ /)) and t e £+ (and op(Wp)=0). {This notion of fibration is due to Dold and that of strong fibration is due to Hurewicz.} If X is an object of QH and px=pxh for all (x, h)e XxH, then Xx PB, PX and Wp are objects of QH. If, with the trivial action of H on R + , both Ap and ap are g/Z-morphisms, then p is said to be a (strong) right //-fibration. It is clear that a (strong) right //-fibration is a (strong) fibration. For X'^X, the map p: X -^~ B is a (strong) relative fibration if there are path lifting function and shift Ap and a" such that AP\WP]X' and op\W^x' are path lifting function and shift forp\X'. With the added hypothesis that// is a strong right //-fibration and a\X'xH: X'xH->X', we have the notion of a (strong) relative right H-fibration.
The condition that a map p: X^-B be a strong fibration is equivalent to the condition that the diagram (I,P) (I, X) -^U (I, B)
be a "weak pull-back," where / is the interval [0, 1]; i.e., if/:Z->(/, B) and g: Z-> X are maps such that r¡0f=pg, then there exists a map «: Z ->-(7 X), not necessarily unique, such that (/,//)«=/and r¡0h=g. The condition that p be a strong right //-fibration is equivalent to (1.5) being a weak pull-back in the category QH.
Dually, a morphism /': A -> X is a cofibration provided the diagram
IxA->IxX is a weak pushout, where i0(a) = (0, a), etc. This is equivalent to i being an injection and IxAKJOx X being a retract of Ix X. The requirement that (1.6) be a weak pushout in the category QH defines a right H-cofibration.
We shall use the results that a composition of cofibrations is a cofibration and that a product of cofibrations is a cofibration ; by the latter we mean that if A ->■ X and 77-> T are cofibrations, then so is Ax Y(J XxB-> Xx Y. The same conclusions hold for right 77-cofibrations.
Finally, we will use the following Proposition (1.7). Let p: X-^-B be a (strong) left H-fibration and (£, £') be a QH-pair. Then
is a (strong) relative fibration. If £' -> £ is a right H-cofibration, then £' xH Y-> FxHX is a cofibration.
(In the above statement the map p is defined by p on the second factor.) Since the category Q is closed under disjoint unions and projections, it has arbitrary pushouts. That is, if
is a collection of maps, there exist a space P and a collection ga of maps Xa^>P, aeS, such that g"fa : A -> P is independent of a and if
is a collection of maps such that haf" is independent of a, there is a unique map &:£-=►£ such that ha = kg0 for all a e S.
Definition (1.7). The category g2 is the category of pairs of spaces of Q and maps of pairs. The category P is the full subcategory of Q2 in which the objects are pairs (X, A) with the inclusion map A^-X a cofibration. The category Q° is the full subcategory of P in which the subspaces A contain only one point. Finally, the category £° is the full subcategory of the category of triples (X, A, C) and maps of triples in which each of the maps A -> X and C -> A are cofibrations and the space C contains only one point.
A QH-pair is a pair (£, £') in Q2 with the inclusion map £' ->■ £a ß/7-morphism. The category (QH)2 is the category of g/7-pairs and QH-maps of such pairs. The category PH is the full subcategory of (QH)2 in which the objects have inclusion maps F'-^-F g//-cofibrations. Then (QH)° and (£77)° are defined similarly. For left //-spaces we have analogous categories (HQ)2, HP, (HQ)°, and (HP)°.
II. Spectra. In the study of extraordinary homology theories, ring and module spectra play the role of coefficient rings and modules. In this section we review some of the basic definitions and develop some constructions which are used in §111. A basic reference for this section is [14] . (See pp. 243-244 of [14] .) A morphism of spectra f:Jt^-jV induces homomorphisms /* : ttp(JÍ) -» WpíyT) by means of the homomorphisms fn. '■ TTP + n(Mn) -+TTP+ n(Nn).
For a space X in Q° and a spectrum Jt, a spectrum JT = Jt a X is defined by N = M¡ A X and v, = /*, A X.
The reduced (extraordinary) homology groups h~*(X; Jt) of X with coefficients in the spectrum Jt are defined by hp(X; Jt) = 77"(^r a X).
For T a space, the nonreduced groups A*( Y; Jt) can be defined by hp(Y;Jt) = hp(Y+;Jt).
We note that Theorem 5.2 of [14] applies in Q°; i.e., «*( ; Jt) defines an extraordinary homology theory on the category Q°, [7] .
S1 Af fi + 1
Let H denote a monoid. The spectrum Jí is a left H-spectrum if for each /, Mx and p., are space and morphism in (HQ)°, respectively. A right //-spectrum is defined similarly in terms of (QH)°.
A morphism of left (right) H-spectra is a morphism/: Jí -> JT of the left (right) //-spectra Jl and JT such that each/ is a (HQ)° (or (QH)°) morphism and each of the diagrams (2.2) homotopy commutes in the category (HQ)° (or (QH)°). If each of the diagrams (2.2) commutes exactly, then / is a strict morphism of left (right) H-spectra.
Example (2.3). Let M be a spectrum with H acting trivially on the spaces A/¡ and let I be a space in (QH)°. Then /=Jaí is a right //-spectrum. If /: JÍ -*■ Jí' is a (strict) morphism of spectra and g: X^-X' is a morphism of (07/)°, then
is a (strict) morphism of right //-spectra. In [14] , pairings of spectra were defined as the analogue of pairings of coefficient groups. We recall the definition.
Definition ( [November (b) Let e'ij be homotopic to the composition.
where f=fAf A ■ ■ ■ Af: S' -> SJ. The maps e'u define a pairing e': (jtf, if) ->-^i.
In [14] G. W. Whitehead introduced the notion of a ring spectrum as the analogue of a coefficient ring in ordinary homology. We recall his definition and give a more restrictive definition: a strict ring spectrum, which is suited to later constructions in this and the next section Definition (2.7). A (strict) ring spectrum is a triple (ffl, m, u) in which a? is a spectrum, m is a pairing m: (¿%, ¿%) -> &t, and « is a (strict) morphism u: if -> á?, where if is the sphere spectrum, such that (1) mi+Uk(mu A Rk) ~ miJ+k(Ri A mitk), Remark. As was seen in (2.8), the equality (rather than homotopy) in conditions (2) and (3) of (2.7) is not a serious restriction and is imposed only as a technical convenience. The equality in condition (1) is a serious restriction, but something of this sort seems necessary to carry out the constructions of §111.
Examples (2.9). (a) The sphere spectrum if with mu:S" A S'-=*S,+> and unit u = if is a strict ring spectrum. This is the spectrum associated with stable homotopy as an extraordinary homology theory. The product in TrJ^if) corresponds to stable composition [3] .
(b) For A a ring with unit, let Rn be the geometric realization in Q° [10] of the standard semisimplicial representation of £(A, «), [8] . Then &t is a strict ring spectrum.
(c) Let (M, m, u) be a (strict) ring spectrum and (77, p., e) be a topological monoid. The 77 + A á? can be given a (strict) ring spectrum structure by letting mtJ = (p+ A mu)(H+ A t A R,) and ûp be the composition 77+ A up Sp->S° A Sp->(e, +) A Sp->H+ A Sp--+H + A £".
(d) The bordism theories associated with O, U, Sp, SO and SU can be represented by strict ring spectra in the sense of (2.6), [9] .
Definition (2.10). If (M, m, u) is a (strict) ring spectrum, the spectrum Jt is a (strict) right M-spectrum if there is a pairing y : (Jí, á?) -»■ Jí such that Comments similar to those of Remark (2.8) apply to the equality (rather than homotopy) in conditions (2) and (3).
It is easy to see that y* makes ttA\JI) a module over tt*(M). Definition (2.11). A morphism of (strict) right M-spectra is a spectrum morphism /: Jí -> jV of (strict) right á?-spectra such that "(.// A R,) ~fi+jmu.
(~ replaced by =). A morphism of (strict) left ^-spectra is defined similarly.
Remark (2.12). Condition (3) of Definition (2.10) implies that a morphism of strict right á?-spectra is a strict morphism of spectra.
Clearly, for a morphism /: JÍ ->■ ./T of right ^-spectra, the induced morphism /* : ttJjH) ->-irAyV) is a right 7r*(á2)-module homomorphism.
Examples (2.13). (a) Every spectrum can be made into a strict left or right -spectrum.
(b) If M is a strict ring spectrum, then (changing if necessary the maps />¡ by a homotopy to satisfy condition (3) of Definition (2.10)) á? is a strict right á?-spectrum.
(c) If X is an object of Q° and JÍ is a (strict) right [left] á?-spectrum, then, using the obvious pairings, Jl A X is a (strict) right [left] á?-spectrum. In particular, á? A X is a strict right ^-spectrum if M is a strict ring spectrum. We check the equality
Let s e R,, t e Rj, x e Mk andfe (X, Mk)°. Then
The other equalities are verified in similar ways. Definition (2.14). A cofibration of spectra is a strict morphism /: dé -+3T of spectra such that for each «, in: An -> Xn is a cofibration. If /: ¿¡/ -> 3C is a cofibration of spectra, then (3C, dé) is called a pair of spectra.
If (3C, dé) is a pair of spectra, the groups tt^SC, dé) are defined by
If (ST, dé) and (<^, 08) are pairs of spectra, a í/ncí morphism f: (ar, dé) -> (<3f, ^) is a strict morphism/: ar-><%/ such that for each «,/n|^n: ^4n ->-Bn. In this case, /induces ft:n¿ar,¿¿)-*ir¿<dr,&).
Since the diagrams
anticommute, the homomorphisms (-lya* : ttp + n(Xn, An) -> 7TP_ j + n(An) define a homomorphism d* : ttp(3C, dé) -> ttp _ x(dé). As the direct limit of exact sequences is exact, the sequence
is exact. The exact sequence (2.15) is called the homotopy exact sequence of the pair (3T, dé), and it is natural with respect to strict morphisms of pairs of spectra and their induced homomorphisms.
If i-.dé^ar is a cofibration of spectra, then t^-ar/dé is a cofibration of spectra and the morphism (ar, dé) -> (ar/dé, *) is a strict morphism of pairs.
Proposition (2.16). If i: dé -> 3T is a cofibration of spectra, then
TT^ar, dé) -► Trjßr/de, *). tt*(X, A) -> n*(X U TA, TA) in the stable range.
Proposition (2.17). Let 2 be an index set, £' =2 u {0}, <j¿, 3C, a e £', be spectra, and f°:<xt^2C°, oeS', be a collection of strict morphisms of spectra such that each f is a cofibration for oeS, Then there exist a spectrum HP and a collection g^.SC" ->&, (7 62', of strict morphisms of spectra such that the diagram
is a push-out is the category of spectra and strict morphisms of spectra. Furthermore, g° is a cofibration of spectra.
Proof. For each i there exist a space A¡ and morphisms gf.Xr^Pi such that (2.18) Ai^Lx;-*Lp( is a pushout in Q. Let Pi=glfi°ai, where a¡ is the base point of A¡. We shall first show that g° is a cofibration. Since x° -> Xo is a cofibration, and the composition of cofibration is a cofibration, it follows that p¡ -»-A¡ is a cofibration and the g¡ are g^morphisms.
Consider the diagram (2.19)
We seek a map K: 7xA¡^Z such that Ki0 = k and A° (Ixg°) = H°. for t e £'. But %f : Xf -> Z is a family of maps such that
is independent of t. There is then a unique map /: At -> Z such that lg\=kg\ for all t e S'. But A: and A° i0 are clearly such maps. They are then the same map. Thus, (2.19) is a weak pushout and g° is a cofibration for each i. Since (2.18) is a pushout, so is S1 A fí S1 A g\ (2.20) S1 A Ai--U. S1 A XI--+ S1 A Pi. Definition (2.22). For á? a (strict) ring spectrum, the pair (SP, oí) of spectra is a (strict) right M-pair of spectra if #" is a (strict) right á?-spectrum and the pairing y : (3f, ¿%)^-3P defines a relative pairing y:((3P,oi),(âî,*))^(3r,oi,*).
A right M-morphism of right J2-pairs is a (strict) morphism /: (3C, oí) ->-(<^, â §) of pairs such that/: 3C -><& is a morphism of (strict) right ^-spectra.
The homotopy morphism induced by a right á?-morphism of pairs is a right (ár^-module homomorphism.
Proposition (2.23). Let E be an index set, S'=Su{0}, M be a strict ring spectrum, and f:oi^ara, a el,', be a collection of morphisms of strict left M-spectra such that for each a e £,/" is a cofibration.
Then there exist a strict left ât-spectrum & and a collection g° :&■*-+0>t a el,', of morphisms of strict left M-spectra such that the diagram f" g"
is a pushout in the category of strict left M-spectra and their morphisms. Furthermore, (!f, ¡Xo) is a strict left ¿%-pair of spectra.
Proof. We shall verify that for the 9 and g" of Proposition (2.17), (a) & is a strict left á?-spectrum, (b) each g° is a morphism of strict left á?-spectra, (c) if ka : ara -> £%, a e £', is a family of morphisms of strict left á?-spectra, the unique morphism k: &> -^ 0& such that kga = h°. a el.', given by Proposition (2.17) is a morphism of strict left á?-spectra.
Note the conclusion that (&*, ar°) is a strict left áü-pair of spectra is an immediate consequence of (b) for a=0 and Proposition (2.17). yu o R, a gj = gf+jXu for all a s S'.
We claim this gives 9 the structure of a strict left á?-spectrum. Notice that the equations (2.24) are equivalent to assertion (b) . We verify first that the diagram [November Proof. (1) is an easy consequence of (2.31), (2.36) and (2.38). (2) follows from (2.30) and (2.36).
Let 7/ be a monoid and dé a (strict) ring spectrum. As was seen in (2.9c), dé aH+ =ffl is a (strict) ring spectrum. If Y is a left //-space, then dé a X+ is a (strict) left á?-spectrum.
For X and Tin (QH)° and (HQ)° (Definition (1.7) ), respectively, Xah Y is the object of Q° obtained from XxHY (Definition (1.2) ) by identifying XxHy0 u x0 x H Y to a point and giving the decomposition set the quotient topology.
Proposition (2.40). Let dé be a strict ring spectrum and 77 a monoid. Let St=dé aH + , X be an object of HQ and Jl be a strict right Si-spectrum. The maps That the diagrams (2.41) commute follows from condition (1) of Definition (2.10) and conditions (2) (for i-0) and (3) (fory=0) of Definition (2.7).
The fact that the maps {yp,J define a pairing follows immediately from the fact that Jl is a right ^-spectrum.
The diagrams (2.41) show that Jt is a strict right ^-spectrum, and right 77-spectrum and that these two right actions commute. There are then unique functions III. Resolutions of spectra. In this section we construct resolutions of spectra which are analogous to and have the role of projective resolutions in homological algebra. As these lead directly to projective resolutions of homology, we have the conceptual simplification of avoiding the split projective resolutions used by Eilenberg and Moore, at the expense of somewhat involved spectra constructions.
Definition ( We note that in Example (2.27) the left cone functor was discussed only for right ^-spectra. There is the homeomorphism is zero. Then each morphism 'S: oí -± X of strict left ^-spectra has an extension to a morphism 'S' : SP -> <& of strict left âî-spectra. We wish to show that SP Al+ is the pushout of ^'a5'+ u oí Al+I^SZ,,, ae2. Suppose ft: 2ta-+ 1V, a e S, is a family of morphisms of strict left á?-spectra such that ftia is independent of v. The compositions (ftj<,)(g<,Al+) are then independent; and so, there is a unique morphism f-.ar a /+-> ersuch that fpa AI+ =ftj" for all a e X. To see that fq"= ft for all <j e S, we observe that ho jo =fPo A /+ = ftj" and fqj. =f\« A S+ U^é A I + .
However,/|#* A S + A dé a/+ is the unique morphism A such that hpa A S+ Uj A I+ = ftjAjT(fa) A « Ug0 A I + ).
Since ftia is such a morphism, Thus, fqa= ft.
Iff: ar a I+ -> "W is any morphism of strict left á?-spectra such that ha = ft for all a e S, then fP" A I+ =fqj<r =faja and so /=/ [November Theorem (3.10) . Let M be a strict ring spectrum, ip: Jt ^ JT be a morphism of strict left eft-spectra, (SP') be a resolution of Jt, and (<3/') be a strongly acyclic resolution of ' Jr". Then there exists a family of morphisms <b':9C'^W', -I IV. The spectral sequence. Recall that in §1 we defined the notions "right //-fibration" and "strong right //-fibration" (equally left) so that when the monoid H is the trivial monoid e, these notions become the usual notions of Dold and Hurewicz fibration.
Definition ( Example (4.2) . If for the map p: X-> B with X an object of QH, the space A has a numerable covering {Ua}asS such that for each o e I,,p~1Uc, is homeomorphic to Ua x H by a fj//-morphism over Ua, then /; is a strong principal right //-bundle. If instead there is only a right 77-equivariant fiber homotopy equivalence of p~xUa with Uc x H, then p is a principal right //-bundle.
If B is locally contractible in the large and /»: X-> A is a principal right //-bundle, then the converse holds. Locally contractible in the large is defined to mean that for some numerable covering {£/"} of A, (see Dold [6] ) each injection i"\ Ua-> B is null-homotopic. is an isomorphism. Thus, the groups tt%(NxhX, * xHX) are zero. The conclusion then follows from a Blakers-Massey theorem [4] and the fact that the map * xH X -> NxH X is a cofibration. Proof of Theorem (4.3). The spectrum dé A F is a strict right dé aH+ spectrum. Theorem (3.10) implies the naturality asserted in conclusion (6) for the spectral sequence and filtration. Corollary (2.42) implies the spectral sequence is a right h*(pt., «^)-spectral sequence.
Since d*: -n-JfS/ ahX + ) ^-rrJaT'1 ah X + ) is an isomorphism, it induces an isomorphism of the filtered system {Bp^}p + q = n onto the filtered system {Bp_q}p + q = n. Thus, ErPiq ->-Erp\q is onto for r' = r^/».
Let Ap", = Lim Erp_q. We compare this to E^q = BpJBp.liq + y^BpJBp.y<q + y.
In the previous paragraph we showed of right ^(«^-modules follows. That this isomorphism has the naturality asserted in conclusion (6) is an immediate consequence of the fundamental theorem of homological algebra and of Theorem (3.10).
We conclude this section by indicating how Theorem (4.3) may be obtained for KO* and KU*, the homology theories associated to real and complex /¿-theory, respectively [2] . It will be necessary to assume that X, H and £have the homotopy type of CW-complexes. We let K*(X) stand for either KO*(X) or KU*(X).
It is not hard to show that KO* and KU* may be represented by ring spectra, that is, by spectra satisfying (1), (2) and (3) of Definition (2.7) up to homotopy. Theorem (4.3) is then proved for K* by replacing the functor tt* by K* and setting dé=if, the sphere spectrum. Notice that K*(Sf A X) x K*(X).
In order to construct resolutions for K*, one needs the following Lemma (4.5). Let a e K*(X), where X has the homotopy type of a CW-complex. Then there exists an integer n, a finite complex Y with K*(Y) free over Appoint), an element ß e K*(Y) and a map f: Y -> SnX such that f*(ß) = Sna.
Proof. It suffices to prove (4.5) for X a finite complex. For KU*, this may be obtained by duality [14, Corollary (8.2) ] from the dual statement for KU*, proved by Atiyah in [1] . D. W. Anderson (private communication) has shown, using the spectral sequence of page 17 of [2] for KO*, that the finite symplectic Grassmann manifolds Gm-rt(Q) have KO*(Gm¡n(Q)) free over £0*(point).
Atiyah's argument and duality now yield (4.5) for KO*.
The one other result we need to adapt the proof of (4.3) to K* is Lemma (4.6). Let X and Y be CW-complexes and let K*(X) be free over K*(po'mt).
Proof. Let dé be a ring spectrum representing K* and let 2 be a basis for K*(X) over Appoint). Then an element a e 2 is represented by a map fw:S«"+** = S.-+Atn A X.
Let Sa be the spectrum with (4.6) now follows easily.
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Remark. The isomorphism (4.7) shows the relation between Atiyah's method and ours.
V. Applications to fibrations. In this section we describe relations among fibrations from which the spectral sequences averred to in the introduction follow via Theorem (4.3). It is not our purpose in this paper to prove these relations. They can be deduced from results of Dold [6] , Brown [5] , and Stasheff [12] and are found explicitly in the setting and generality here considered in the book of Dyer and Eilenberg [7] . Since t?,:A6A->-A is a strong left OA-fibration, r¡t: A'xnBA"A-> B is a strong fibration (Proposition (1.7) ). The map/ is map of fibrations rjz to /»' over the identity on A andy'|A'xnB£XB : F'xnBSlB^F' is a homeomorphism (see (1.3) ). For A pathwise connected this implies ir*(j) is an isomorphism. If, in addition, B is locally contractible in the large, then j is a fiber homotopy equivalence. If G is a monoid each element of which has an inverse up to homotopy, £ is a right G-space, £ is a pathwise connected space which is locally contractible in the large, and p: X-+ B is the associated bundle £x G£ to the principal left G-bundle p: £->£, then there exist a morphism of monoids G A-Jf(F) given by a(g):£->£ is a(g)x = xg and a map t: £->■ Prin (p) over B of left G-spaces given by r(y):F^p'py is t( v)(x)={x x ay}. The composite. is a fiber homotopy equivalence over B.
We summarize these results in Theorem (5.12). £er dé be a strict ring spectrum and p: X^-B a fibration. Then there is a right A*(pt. ; dé) spectral sequence, xFp,q with limit associated with a filtration ofh*(X; dé) and with (5.13) ^p2,, s Torpi"*-^ (h*(F; dé), h*(pt. ; dé)).
If B is pathwise connected and locally contractible in the large, there is another such spectral sequence £Pi, with limit associated with a filtration ofh*(X; dé), with (5.14) £p2, ~ TorP:^(«!^ («*(£; dé), «»(Prin (p) ; dé)),
and with a morphism j£r -»■ £r of right «*(pt. ; dé)-spectral sequences which at the E2-level under the isomorphisms on the E2-terms is induced by a monoid morphism ¿IB -> Jf (£) and a map PbB -»• Prin (p) of left QB-spaces.
